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Abstract 

We study the deformed kinematics of point particles in the Hofava the- 
ory of gravity. This is achieved by considering particles as the optical limit 
of fields with a generalized Klein-Gordon action. We derive the deformed 
geodesic equation and study in detail the cases of flat and spherically sym- 
metric (Schwarzschild-like) spacetimes. As the theory is not invariant under 
local Lorenz transformations, deviations from standard kinematics become 
evident even for flat manifolds, supporting superluminal as well as massive 
luminal particles. These deviations from standard behavior could be used for 
experimental tests of this modified theory of gravity. 
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1 Introduction 

One of the main problems in the quantization of the Hilbert-Einstein theory of 
Gravity is that it yields a non-renormalizable quantum field theory. To solve this 
problem theories with higher derivatives and higher powers of the curvature were 
considered; the Hofava-Lifshitz theory introduced in (TJ [2] is one such theory. 

The Hofava gravity is constructed as an UV completion of the Hilbert-Einstein 
Gravity which treats space and time differently. The basic property of such a theory 
is the invariance under the anisotropic rescaling 

x — > bx t — > b z t, 

which makes the conformal dimensions ([ ] a ) of space and time to be different: 

[x] a = -1 [t] s = -Z. 

The reason in doing this is that, choosing an action invariant under the deformed 
rescaling with an appropriate value of z, the action will turn out to be power- 
counting renormalizable. 

Because of the anisotropy in the rescaling, space-time must be of the form M = 
RxS where £ is a space-like and, for simplicity, compact 3-dimensional surface. To 
ensure this property the manifold M possesses a codimension-one foliation^] structure 

1 A codimension-q foliation T on a d-dimensional manifold M means that there exists an atlas 
(y a , x l ) with a = 1, q and i = 1, d — q such that the transition function acts as follows 

x * -> x* = x*{x,y) y a ^r = y a {y), 

that is, we consider the action only of diffeomorphisms that leaves unchanged the foliation structure 

mm)- 



2 



T . Therefore, the Hofava-Lifshitz theory was constructed as a theory invariant only 
under the diffeomorfisms that leave the foliation structure unchanged, that is, 



x i ->3? = x i (x,t) t-*i=i(t). 

The space-time metric g^ u , because of the foliation structure, can be globally 
decomposed in terms of the ADM decomposition: 

9iiv = { n, k 3 ) r = \i w - ^ ) (1) 

where hij(x,t) is the metric on E and N(x,t) and Ni(x,t) are called, respectively, 
lapse and shift functions. The general structure is given by the metric g^ v and 
a time-like vector n a orthogonal to the space-like hypersurface E. The metric is 
related to n a through the relation [9] 

where h a/3 corresponds to the embedded metric of the space-like surface S. The 
lapse and shift functions are defined by the relation 

Nn a = t a -N a 

with N a tangent to the space-like surface (N a n a = 0), while t a is the time-like 
vector tangent to a continuous set of geodesies that individuate globally the time 
direction, allowing the foliation. Moreover h a @ and —n a rfi are, respectively, the 
projector on S and its orthogonal projector. The ADM decomposition introduced 
above corresponds to the particular choice of coordinates in which t a = J^. In 
particular, in the ADM decomposition, the projector on E takes the form 



Ni 
5 J 



(2) 



In principle such a metric makes sense only if there exists a space-time structure. 
In the Hofava-Lifshitz model the usual General Relativity is recovered in the IR limit 
and hence also the space-time must be seen as emerging from the theory in the low 
energy limit. In general, and in particular in the UV limit, the only quantity that 
can be interpreted as a metric is hy, that is, the embedding of h a p on E. The matrix 
g aj 3 cannot be in general interpreted as a metric in the usual sense because a free 
particle may not, in general, move along geodesies determined by g a p. This happens 
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because in this theory the time-like direction n a , which allows a distinction between 
space and time, is also considered as a degree of freedom. 
The Hofava-Lifshitz action 

Shl = Sk — Sy (3) 

contains a kinetic term Sk, involving time derivatives, and a potential term Sy, 
involving only space derivatives. In the potential term there are also higher space 
derivatives, as well as higher powers of the 3-dimensional curvature on S. The full 
Hofava-Lifshitz action, in order of descending dimensions, is 

S = j dtd 3 xVhN {UKijK« - XK 2 ) - + ^e^TZuVjTZ 1 k 

-^fW + ^ {^K 2 + A W TZ - 3A 2 W ) } 

where the kinetic term corresponds to the first bracket, in which 

TZij are the spatial components of the Ricci tensor on E, 1Z is its trace and Cy are the 
spatial components of the Cotton tensor. The potential term was first introduced 
using the detailed balance condition, that is, it corresponds to the variation of an 
action describing a 3-dimensional Euclidean gravity [2]. 

Such a theory has a UV critical point z = 3 and an IR critical point z = 1 
that corresponds to the relativistic case; indeed, in the IR limit w — > oo and the 
quadratic terms in the curvature go to zero obtaining 

S = J dtd 3 xVhN ^{K^ - XK 2 ) + 8(1 "^3 A) Avr {K - 3A W ) J , 

which is isotropic under the rescaling of space ant time. Comparing the IR limit of 
the Hofava-Lifshitz action to the Einstein-Hilbert action 

Seh= 1^G j ^ d ^ n - 2K ^ = J^g J ^zWKiiK*' i -K 2 +TZ-2A E ] (5) 

we obtain, respectively, the emergent velocity of light, the emergent Newton constant 
and the cosmological constant 



The IR limit of the Hofava-Lifshitz action will recover Einstein Gravity only if the 
running constant A becomes 1 in the z — 1 fixed point. 
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The detailed balance condition is a way to construct interacting terms in the 
Lifshitz scalar theory, but terms that break softly the detailed balance condition 
can be also considered. With softly breaking we mean that the UV limit is still 
described by the potential obtained from the detailed balance condition. 

The equations of motion of the action ([3]) were obtained in pTJl [TTj . while several 
aspects relative to the spherically symmetric solution [TJl [13], [TH [151 EH] an d to 
cosmology [TT], EHl [iHl 1201 EH [22], [23l [24], as well as other fundamental aspects 
[251 ES EH [28] of this theory, were analyzed. 

In this context a matter field was introduced in [5] mimicking the Lifshitz scalar 
field theory (for an introduction on the Lifshitz scalar field theory see [HE]). The 
proposed scalar field theory was 

S M = \ j d i xVhN^(d t <j>-N%<j>) 2 -J^O J *<j> J ^ (6) 

where we distinguish between a kinetic term, contained in the first bracket, and a 
potential term involving only spatial derivatives, where 

Oj = Y(-l) n ^ A n 

and the * product represents all the possible combinations in the application of 
A = h^DiDj, being Dj the covariant derivativ^ 2 ] on E, to the 0's, i.e. 

A 2 * 3 = ci(A0) 2 + c 2 2 A 2 

with Ci,C2 constants. In [5] all the conditions necessary to have a power-counting 
renormalizable theory are derived. Here we will be interested only in the effective 
mass term corresponding to J = 2, to describe just the motion of matter without 
any interaction: 

Sm = \J ^V^ivj^W-iVW-^(-ir ] ^A^0 2 |. (7) 

2 The derivative D a is the projection of the covariant derivative on the space-like surface 

yy rp Vl ...v n _ . /3. A x . A m . v x i !/„y rr,pi...p„ 
^a 1 l i 1 ... t j. m — n a 'Vl "•'*/*»> Pi "■'V- V /3 J Ai...A m 

where hg a is the projector onto the space-like hypersurface S. Using the orthogonality of n a 
respect to the space-like hypersurface S, that is, h /3 a n a = 0, it is simple to show D a h^ u = 0. 
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Henceforth we will consider the modified Hofava-Lifshitz theory described by the 
Kehagias-Sfetsos action 

s = J dtd 3 xVhN ^(KijK ij - xk 2 ) - ^QjCv + ^ e ^ k n u v 3 n l k + 



introduced in [7j. This action contains, in addition to the original Hofava action, a 
soft violation of the detailed balance condition (the term fi 4 TZ). This new term, as 
observed in [7], makes the action have a well behaved limit 

A w -> 

and admits a Minkowski vacuum solution. 

As for the original Horava action, several aspects of the Kehagias-Sfetsos action 
were analyzed: black holes [29l EHl ETJ [32] , cosmological solutions [33], possible tests 
[3U GSJ [361 EZ] and fundamental aspects of the theory [38j [39] . 

In [8] the authors rewrite the action (|Sj) in a covariant way considering g al3 and 
the time-like covector n a as the fields of the theory instead of the ADM components 
of the metric. The covector n a is such that 

n a = —Nd a x n a n a = — 1 

where the lapse function N encodes the normalization and x parametrizes the fo- 
liation, that is, x has a different constant value on each foliation. The defining 
condition n a = —Nd a x verifies the Frobenius integrability condition 

Fy,v = D[^n u ] = 0, 

which means that a zero vorticity condition for n a is satisfied; this a necessary 
condition to have a foliation structure. 

In the original Horava action, were the spatial components of the induced 
extrinsic curvature 

Noting that K^n 13 = ^jC n (h a/ 3n^) = 0, we simply deduce that K a p = h^h^ 6 K^s, 
which reduces to 

K aP = h a % j Kij, 
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hj* being zero for (3 corresponding to the time component. Therefore, in the ADM 
decomposition, we have 

K a pK al3 = KijK ij and K = K af ,g af3 = K l3 h ij ; 

then 



i \2 



K al3 K aP - XK 2 = KijK ij - X(K 

reproduces exactly the kinetic term in the Hofava-Lifshitz action. Moreover, noting 
that the 3-dimensional curvature can be written as 

and the Cotton tensor is defined as 

c^ = n^D a n v p - -Ti5 v p 

where rf°-^ = n§ is the 3-dimensional volume form, it is simple to show that 

K a( 3 = K%^H K = 1l a pg af3 = KijW C aP = hJh p 3 C ir 

As for the kinetic term we can promote the 3-dimensional indices in the action ([8]) to 
4-dimensional indices obtaining the same expression in the case in which the theory 
is written in the ADM components. Hence the authors of [8] generalize the action 
(IH]) in a diffeomorphism-invariant form 

Sgks = J d A x^-g^- 2 {K aP K^ - XK 2 ) - ^C a ^ + ^C a ^ - ^fll c 



/1-4A 



8(1 -3A) 



n 2 + \ w n - 3\ w ) +rfK + c 



where the Frobenius integrability condition and the normalization of n a are ensured 
by 

Cnorm = B^T^ + M^B^B^ + p(N 2 d aX d a X + 1) 

where M al3 ^ u , B af3 and p are Lagrange multipliers. 

Here we will be interested in the case of zero cosmo logical constant and A = 1. 
In this case the theory has a Minkowski vacuum solution as is evident from the 
spherical solution in [7j in the case we set M = 0. 



To study the transformation properties of a matter field we generalize the action 
(J7J) to the following diffeomorphism-invariant action 

Sm = \j d 4 x^ {-(T<VR<f - A 2iO M 2 00* + (a 2j1 - + <f A0) 

z n x 1 

-ED-'f^^v do) 

n=2 k=0 ) 

where the Laplace operator is redefined as 

A = h^D a D p {=h al3 V a Vp) 

and A2, n ,fc = ^2,n,n~k to make the action real. The action (fTOl) it is a generalization 
of the Klein-Gordon action where the terms involving the various A's (excluding 
the term \2$M 2 (fxf)* that corresponds to the usual mass term in the Klein-Gordon 
equation) must be considered as small corrections. 

Note that the action fflOl) reduces to the original action (J7|) for a Minkowski 
space-time in ADM coordinates, which corresponds to the case studied in [S] . 

In section |2] we will find the optical limit approximation of the scalar theory 
( 1101) obtaining the general equation of motion of massive and massless particles. In 
particular we will study the kinematics in a flat space-time in section [3] and the 
dynamics in a static spherical symmetric space-time in section HI 



2 The Optical Limit 

To obtain the ray optical structural which describes the optical limit behavior, we 
write the equation of motion for the scalar field <ft obtained from the action fflOl) and 
express the scalar field as 

= Se^ (11) 

to find the eikonal equation. To study the ray approximation we will consider that 
the derivatives of the wavefront S produce a negligible contribution if the curvature 
is weak enough to consider almost plane wavefronts, and that the four-momentum, 
defined in terms of the field ip as = d^ip, changes slowly; that is, we will consider 
higher derivatives of the four-momentum to be negligible. Moreover, because the 
constants A2, n are small in the IR limit, we can retain only the highest power of 

3 Thc ray optical structure H is the Hamiltonian of our system. Moreover the disperison relation 
will be given by the condition H = 0. (See [6] for a review.) 
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the four-momentum in the eikonal equation neglecting all the other terms. For the 
same reason, and the fact that we are considering metrics that change slowly, we 
will further make the following approximation: 

V M /i^ = V lx (n ti n v ) ~ 0. (12) 

From the eikonal equation we can deduce the ray optical structure H of the theory 
replacing d^ip with the momenta 

Note that in the case of a Minkowski space-time we have exactly 

V M /i^ = 8^ u = 

if we consider only the case h = {0, 1, 1, 1} and all other cases obtained by a Lorentz 
transformation, as we will do in section [3j 

The equation of motion obtained from the action ( fTUl) . using the results in ap- 
pendix [A] and the approximation (1T21) . is 

<TV M V,0 - A 2 , M 2 + (A 2)1 - |) 2A0+ 
-^(2A 2)2i0 + A 2 , 2il )A 2 + ^(2A 2 , 3 ,o + 2A 2 , 3 ,i)A 3 + ... = 0. (13) 

Note that the term V^V^, with given by ffTTT) . can be expanded as 

and that, considering the approximation that the wave front is locally constant, 
d u S = 0, it becomes 

where in the last step we considered that the four-momentum changes slowly. Thus 
we have the following expansions: 

A0 = ~ -^hTd^dvil) 

A> ~ A^i-^d^d^) ~ -A^i^h^d^d^ ~ {-l) n {h^d^d^) n ct). 
Hence the eikonal equation is given by 

2 

- g^d^d^ - A 2i0 - \n{W u d^d^) n = (14) 

71=1 

9 



where the new constants A2,nH are combinations of the old A's appearing in the 
equation of motion for 0. The constants A2, n 's have to be considered small because 
the relative terms are small corrections to the usual eikonal equation derived from 
the unmodified Klein-Gordon action. In contrast, A2,o can be simply interpreted as 
the square of the mass of the particl^. The ray optical structure then is given by 
the Hamiltonian 

H = | g^PuPu + A 2j0 + kn(h^p, Pu ) n \ = (15) 



2yA 2 ,o I n=1 
from which we deduce the following equations of motion: 

f)H 1 2 

Pa = -q^ = j= < d a g^p, Pv + Knn{W x VpVx Y- X Wv»Vv \ (16) 

2\/ A 2 ^ n=1 



dH 1 



9p <* </\ 2t0 I 



9 av Pu + Knnih^ ViiVv ) n - x h av Vv \ (17) 



For the massless case we define the ray optical structure to be 





from which we deduce the following equations of motion 
dH 



Po 



dx a 2 
dH 



dp 



\ Y^p^ + £ ~X2,nn(h pX p P Px) n ^d a h^p,p^ (19) 
g au Pu + Knn^p^T-^pv \ (20) 



n=l 



In upcoming sections we will analyze the motion of a particle for a Minkowski 
space-time and for a static spherical symmetric metric. In the next section, instead, 
we will study the deviations to the geodesic equation due to the deformed kinematics. 



4 In the remaining part of the article, when we speak generally of A2,n's or simply of A's we 
always refer to the A2. n 's with n > 1. 

In this context the velocity of light c, the emerging velocity of light in the IR limit, is just a 
conversion constant and will be set to 1. 
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2.1 Corrections to the Geodesic Equation 

The deformed optical structure tells us essentially that the free-falling motion of 
a particle will only be approximately a geodesic of the metric g^. Here we will 
evaluate the first correction in the A's to the geodesic equation. To write down the 
exact equation of motion we need to invert x a , finding function of it. Here, 

because corrections higher than first order in the A's are negligible for low energies, 
we will retain only terms of first order in the A's. 

Differentiating (IT7j) with respect to the parameter r we have: 



x a 



A 



2.0 



71=1 



\sTvu] + 



A 



2.0 



Ao.n« r 



(n - m^p, Pu r~ 2 (h^ PflPu + 2h^p v )h av p v + {w v Vil p v T-\k™p v + h av Pv 



=1 y A2,o 

The momentum p a , using the equation of motion ffTTl) . can be expressed as 



71=1 



Moreover, using the expression above, we have the following approximation: 

r W ^A 2) oViV + 0(A). 
Substituting the two expressions above for p a and h^ u p^p v in (jlfip we have 



=d a g^p,p u j= \nn(h pX p p p x ) n - l d a h^p,p u 

2\l A 2 ,o 2\/ A 2 ,o « =1 



2,0 



A 



2,0 



[^d a g^h^g h + d a h^ v g^g^ 



2 J 2 

Finally, putting everything together we have 



A2,n ri (A2,0^^ 



x'VT" 1 



71=1 



-d^x' 3 hnn(ho h^x^y-^g^x 8 



+ 



+ A 2 ,n« 
71=1 



-g av d v g^g 5l - ^d^g^p ) (A 2>0 Vi^T^i^^ 
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+{\2 >Q K^x v Y- 1 {h av g vS x 5 + ^d^^i* 5 ) + 0(A 2 ). 

As expected, the geodesic equation, relative to the metric g^ u , is recovered as the 
zero-order approximation in the A's. In this deformed kinematics the equation of 
motion depends from the values of the A's and hence each particle, having different 
A's, will follow a slightly different trajectory; this makes possible to verify exper- 
imentally if the kinematics is deformed or not. An interesting feature is that the 
motion will depend also on the mass of the particle. 
Similarly for the massless case A2,o = we obtain 

z 

x^V p x a ~ -dpg av xPJ2hnn(h^x») n -%^g lS x s + 

n=l 



+ ^A 2 , n n ( 

n=l L ^ 



-g av d v g^g 5l - \g av d v h^g^ ) ( V^T~ 



+ (n - l){h^x v ) n - 2 {h^g^ p x p x s + h^dpg Sp i s x p g ya x ff )h oa 'g v ^+ 

+ 0(A 2 ). 



+{h lw x^x") n - x {h av g vS i s + h a »d u g^x 5 ) 



3 The Minkowski Case 

As noted in [7] the action (Q has as solution the Minkowski vacuum with g = 
{ — 1,1,1,1} and n a = (—1,0,0,0), that is, with h = {0,1,1,1}. This solution 
corresponds to a particular choice of coordinates. In general, we also have to consider 
how to pass from one coordinate frame system to another. In this section we will call 
the frame system in which the metric is given by g — {— 1, 1, 1, 1} and h = {0, 1, 1, 1} 
the "preferred frame system 11 and we will introduce the notion of "inertial frame 
systems" which will have the same Minkowskian metric g = { — 1,1,1,1} but a 
different h pu . The group of coordinate transformations which leave invariant the 
Minkowski metric is the Poincare group, but the ray optical structure is invariant 
only under rotations and translations^. In this context, although the metric remains 



6 The linear transformations of coordinates that leave unchanged the metric g = { — 1,1,1,1} 
and the vector n a = (—1,0,0,0) are spatial rotations and spacial and time translations: 

x' = Rx + x t' = t + t . 
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invariant, we move from the preferred frame system in which n a = (—1,0,0,0) to 
others in which this vector, and consequently W, will be different. The dynamics 
of particles will be different in these frames allowing, in principle, the possibility 
to distinguish between any inertial frame system and the preferred inertial frame 
system. Therefore, in such a theory the preferred frame system plays the role of an 
absolute frame system. 



3.1 Massive particles in the "Preferred Frame System" 

Let us start considering the equation of motion in the preferred frame system (h = 
{0, 1, 1, 1}); moreover we will consider for simplicity and w.l.o.gj^l that the particle 
is moving along the x direction and that p y = p z = 0. Then, the equations ( fT6lfT71) 
reduce to 



Pt 



^2,0 



X 



Ul + E knnpl (n - 1} 1ft V = 

-^2,0 l> n=1 ' 



z = (21) 



and 



Pc 



dH 

dx a 



0. 



{22) 



Note that in this case the conditions p a = and x a = are consistent; that is, when 
a particle is at rest the linear momentum is zero, which is not the case in other 
frame systems. 

Integrating with respect to the parameter r, we obtain the trajectories 



t(r) 



Pt 



--T + t x{t) 



A 



2,0 



i + v 



n np x 



2(n-l) 



n=l 



y(r) = yo 



=p x T + X 
^2,0 Z (t) = Z 



with the dispersion relation following from (JT5 



~Pt +Pl + ^2,0 + J2hnPl n = 0- 



(23) 



n=l 



The momentum p\ can be bounded from above or not depending on the values of 



7 Thc action is invariant under the spacial rotation group. 
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the A2, n 's as is evident from the consistency conditio 



n=l 



(24) 



If the preferred frame is the rest frame system of a particle we have p x = and, 
from the dispersion relation, p t = — ^/a^o- In this case r can be interpreted as the 
proper time for this particle, but in general r will be just a parameter. 

To study how the motion changes moving from one "inertial frame system" to 
another we need to understand the kinematics of particles moving with constant 
velocity in the preferred frame system, that is, to solve J) x clS db function of the 
constant velocity v — | . From the equation of motion ( !21~j) we have: 



dx 
~dt 



1 + £ hnnp^- 1 



n=i 



Px 1 T 2(n-l) Vx 

- -> Pt = - l + 2^A 2 ,„np^ J -. 

(25) 

Inserting the last relation in the dispersion relation fl23l) . without any approximation, 
we have 



-P 2 

fx o 



^ + A 2i0 + £ hn (l - 5) rf" - 

n=l ^ ' \n=l 



2(n-l) | 



which, approximated to the first order in the A 2jn 's and for v << 1 (v << c) 
becomes 

^ - A 2 ,o7V - £ A 2 ,„ 7 2 (^ 2 - 2n)^ ^ ( 7 2 = . 



Without any approximation we have 



1 + £ V 



n=l 



A 2,0 +Pl + En=l A 2,nP 



2n ' 



(26) 



Note that the behavior of v 2 depends from the sign of the A 2in 's and, although it must 
be always positive under the condition (1241) . it may not be a monotonic increasing 



From the dispersion relation we have 



Pi = -A 2 ,0 - ^2,nj^ 



that tells us that there is no condition on the four momentum to be space-, time- or light-like. 
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function of p x , depending on the sign of the A2, n 's. In the zero order expansion in 
the A 2i n's (1261) reduces to 

„.2 



vl 



^2,0 + Vl 

which corresponds to the relativistic relation 

Px = A 2 ,o7 v 

reproducing the expected behavior. Now we can use the Newton algorithm to find 
the roots of a polynomial using as starting point the value A 2i n7 2, y 2 , the other terms 
of the polynomial being small corrections. After the first stepo we have 

-E:=iA 2 ,n(A 2 ,o7V)Vb 2 -2n] 



2„.2 



P x - A 2 ,o7 v 



n=l 



Therefore, p x and pt of a particle moving at a constant velocity v in the preferred 
frame system are approximated by 



Pa 



Pt 



n=l 



A 2 ,o7 u 



l-r^EV(A 2 ,o 7 V) n [2^-l] 



A 2 ,o7 



(27) 



:28i 



2A 2,0 n= i 

where to evaluate pt we used the relation (1251) . The approximate equations of motion 
then become 



t(r) 



x{t) 



l-iEA 2 , n (A 2 , o7 V) n [2«-l] 
<^A 2 n 1 

z i u 71 = 1 

l-i^V(A 2 , o7 V)l2 W -l] 



2,0 n= i 



IT + *0 



7?rr + x 



(29) 



(30) 



In section 13.31 we will obtain the equations of motion in a generic inertial frame 
system but we need before to construct operationally a notion of "inertial frame"; 
this will be done in the next section. 



(p 2 )o = A 2 , o7 V Vo = - Yl hn(hol 2 v 2 ) n l 2 [v 2 - 2? 

n=l 



m = 



dy 
dp 2 



n=l 
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3.2 Massless Particles 



The equations of motion for a massless particle (A2,o = 0) moving along the rr-axis 
in the preferred frame system, as derived from the Hamiltonian (1181) are 



t = -p t 



x 



1 + hnn{p x ) 2{n ~ 1] \p x y = z = 0. 



n=l 



Following the same procedure as in the massive case, in the massless case we find 



dx 
~dt 



Px 

Pt 



Pt 



1 + E hnnpf^ 



n=l 



Px 
V 

(31) 



Inserting the last relation into the dispersion relation we have 



1 + En=l ^2, n np. 



2(n-l) 
x 



l + ^A^n-l)^ 1 



1 + 2^n=l A 2,nPa: |_ n=l 

It is evident that a massless particle with small energy behaves like in special 
relativity, that is, 

~Pt = \Px\ 

since in this range no A's appear in the relations, and v 2 — 1. We can use this 
property to define "inertial" frame systems as the frames in which the massless 
particles move with constant velocity v — 1. Moreover, in a "non-inertial" frame 
system the metric will not be anymore Minkowsian and hence the equations of 
motion will be different from 



X =Px 



t = -Pi- 



rn 



To define an "inertial" frame system we start with a frame in which a test 
massless particle with low energy travels at a constant speed. We define a unit, let 
us say for length, and we construct the unit of time in such way that, by definition, 
the velocity of our test particle is v — 1. 

Such a definition of "inertial" frame system leads us to consider only frame 
systems obtained by applying the usual Lorentz transformation^. Indeed, only 



10 To measure a constant velocity of 1 for a massless particle is not enough to fix the units of a 
frame system because we can always rescale our space-time units by the same constant factor. We 
can take as more appropriate definition for the choice of coordinates in an other "inertial frame 
system" the unique coordinates and units obtained using Lorentz transformations, once we fixed 
the units in one of the "inertial" frame systems. 
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such transformations preserve the relation 

i 2 -x 2 =p 2 t -p 2 x = 0. 

This, in particular, means that in such frame systems lengths and time intervals 
change as in special relativity. 

Let us consider for example a boost with velocity u along the x-direction. Then 
the equations of motion change as follows: 

x' = 7(3; - ui) = j(p x - up t ) i! = 7(t - ux) = 7(p t - up x ) 

and hence the equation of motion of our test particle. Considering that in the new 
frame system we have the same kind of equations of motion as (|32|) . we deduce that 

Px = 7(Px - up t ) p' t = lipt - up x ) 
exactly as in special relativity. 



3.3 Particle Motion in a Generic "Inertial" Frame System 

Consider a particle in the origin of the rest frame O' and of the moving frame O at 
= t'o = ® an d that these frames have parallel spatial axes and the moving frame 
is moving with a velocity — u along the x-direction. Consider for the moment O' to 
be the preferred frame (h' a(3 = {0, 1, 1, 1}). The equations of motion in O' for the 
particle are derived from the optical structure 



H 



rf>:+A2,o+^A 2iri (rp>:) 

n=l 



2y A 2 ,o 

Using the fact that the new coordinates are related to the primed ones by the boost 

x = 7 (x + tit') t = 7(t' + ux') 

and that the quantities appearing in H are vectors and tensors, and hence transform 
with the matrix ^g-, we have that, in O, the metric becomes 



2„,2 



h a0 



7 2 n \ 



7 2 n 7 2 





V o 








1 
1/ 



a0 >at/3 
1] p = T) 



n a = (-7,7U,0,0) 



(33) 
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and H in the new frame system can be written aJ"1 

h = —^== I -p 2 t +p 2 x + a 2i0 + hn[l 2 (Wt + 



p x ) 2 T 



2yA 2 ,o I n=1 
leading to the following equations of motion: 



* = p — \ ~Pt + \ n n[l{ u Pt + p x )] 2n 1 tu 

^2,0 ^ n=1 



X 

^2,0 



== ipx + J^hnnhiuPt + Px)} 2 ' 1 ' 1 !^ V = Z = 
A2.0 I n=1 J 



with all the momenta constant and related to the primed momenta, being covectors, 
by the same transformation rule, that is 

Pt = lip't ~ up'x) = -7y^o Px = l(p' x - up' t ) = 7\/W/. 

This means that up t + p x = p' x = and hence the kinematics is described by the 
equation of motion 

i = t== x = f x y — z — 



^2,0 \/^2,0 

with the usual dispersion relation 



-Pt+Pl = 0. 



Now let us consider the same situation with an O', the rest frame of the particle, 
which is not the preferred absolute frame system but itself is moving with a constant 
velocity — respect to the absolute frame system. Using the fact that in O' the 
metric takes the same form f[3"3"j) with v^' instead of u, labeling the four-momentum 
in O' with the equations of motion in O' are given by 

if = {-P? + E^i Knn[l {r \v^pt ] + p^)f n -H r) v^ 



^2,0 

x' = ^{#+En=i^,nri[7 (r) (^ (r) pf ) +^ r) )] 2n_1 7 (r) ) 2/' = i' = 

(34) 



11 Note that also in this case the approximation S7 a h a P ~ holds as an identity leaving the form 
of the optical structure H unchanged. This is obviously true in the Minkowskian solution for any 
change of coordinates. 
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with the dispersion relation 

-p {r)2 t + P {r) l + A 2l0 + e hnh (r) \v^ + p^r = o. 

n=l 

Since the particle is in its rest frame, we have the condition x! = 0; from this 
condition, using the Newton method with starting point pi = 0, we obtain 

W „ E^iA2,nn( 7 (r)2 ^ r) V r) ;) w - 1 7 (r)2 t; (r) pi r) „ 



1 + En=l KnU(2n - l)( 7 W^(r)^(r)J)n-l T (r)^ 

- £ A2,nn(7 (r)2 i' (r, V r) >- 1 7 (r)2 f (r) pf ) . 

n=l 

We can plug this approximate result into the dispersion relation to find pt using the 
Newton method with starting point p^l = A 2j0 obtaining 



2^2,0 



pP ~ - V / A^E: = iA 2 ,nn(7 W % w2 A 2 , )"- 1 7 (r)2 ^ (r) . 



(35) 



It is evident then, that only particles at rest in the preferred absolute frame have 
Lorentz-like dispersion relations and that, in general, the linear momentum is not 
zero, even if the particle is at rest. Moreover the dispersion relations depend from 
the velocity v^ r \ the velocity that the preferred frame system has with respect to 
the rest frame system of the particle. 

Boosting from a non-preferred "inertial" rest frame to another will then make 
the kinematics, through the momenta, dependent on the A's making possible the 
experimental verification of the existence of such particle parameters. 

To evaluate the equation of motion of a particle in a generic "inertial" frame 
system we start with the previous result, that is, we consider given values of px 
and p( in the particle rest frame. Noting that in the rest frame we have the 
condition = we simply deduce that 

z z 

P { : ] = - E A 2 ,W7 (r) (^ (r) rf r) + pi r) )] 2n ~V r) = -£ \2,nn[h^p,pA n - 1/2 l {r) (36) 

n=l n=l 

where v^ r ' is the relative velocity between the "inertial" rest frame of the particle 
and the preferred frame system. Thus the equation of motion in a generic "inertial" 
frame system for a particle moving with a velocity u, without any approximation, 
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are 



i J _p t _ n 

A2,o I T r J a/ ^2.0 



/A2,0 I. ^ ' J V ^2,0 

where 



&7 (T) ^ (T) } = -y^ {-Pt - #7> (r) + u)} 

z — 1 

(37) 



(T) U + M (T) (r) fi , (r)\ 

1 + m^u 

In the massless case we can follow the same procedure arriving to the following 
equations of motion: 



i = (-pt-^jl iT) u^} = {- Pt - P P lu ^ r) +u)} 

x = (p x - ^y7 (T) } = [px -pPjuO- + uv^)\ y = z 







(3* 



The expression for p^ and p[ r \ however will be different. As in the massive case 
from the condition x = we obtain 

(,) „ E: = iA 2 ,nn(7 W % W V- ) t >- 1 7 (r) ^ (r) ^ ) „ 



1 + En=l A 2 ,n^(2n " l)( 7 W«WV r) tT- 1 7 W ' 

-^v( 7 M 2 ,MV r) ;) n -v r)2 ^ r) p! r) . 



n=l 

which, substituted in the dispersion relation 



71=1 

yields to the first order in the A's 



P ir) l + P ir) l + £ ^n[7 W2 (^VS r) + P^T = 0, 



- t +EA 2 ,n[7 (r) ^ (r Vl r) ] 2ri = 0. 

n=l 



The first solution, p(' = 0, must be rejected because it implies also p^ = 0, that is, 
the particle is at rest in every "inertial" frame. Considering the approximation to the 

(r) 

second order the solution p t — disappear, meaning that must not be considered 
as a physical solution. The physical solution at the first order corresponds to the 
roots of the polynomial 



n=l 
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In this case as in the case in which we want to consider a solution to the second order 
we cannot employ the Newton method because we cannot guess an initial value for 
the root. Furthermore, we cannot even consider the A's to be small in general not 
having any information about massless particles at rest nor having any indication 
of their existence. 

The equations of motion fl37j) and fl38l) are the same equations we obtain by 
boosting the rest frame equation of motion. For example there is no difference, with 
respect to the prediction of Special Relativity, in the dilation of time 



At { \-Pt~Px 1u(v {r > +U)^> I -J u (Pt —Upi ) —Px Ju(v {r > +U 



lu 



or in the contraction of lengths. But the kinematics of a particle, as is evident from 
the equations fl37|) strictly depends from the relative velocity between the "inertial" 
rest frame of the particle and the preferred frame. This will be put in evidence in 
the next section. Then we will complete the study of the particle motion in section 
13.51 analyzing the general case of luminal and superluminal particles. 



3.4 Scattering 

Suppose we have two identical particles^ in an "inertial" frame O, with respect 
to which the preferred frame system P is moving with velocity u; the particles Pi 
and P 2 are moving, respectively, with a velocity — v and a velocity v symmetrically 
toward the origin O. After the collision a unique particle is created. We want to 
find the dependence of this scattering from the particular "inertial" frame system. 

The dynamics is described by the Hamiltonian H = Hi + H 2 before the collision 
and, after, by H?- The total conserved time component of the momentum is 

(Pth + (Pth = lv{i(pl% + (Pl%] + v[(pP)i ~ (Pl r) ) 2 ]} = (Pth 
and the conserved spatial component is 

+ (P*h = i,{[(p { ; ] )i + (P^h] + ^fe (r) )i - (ri r) ) 2 ]} = (Pxh. 

Now, using the approximate expressions in (1351) . we can evaluate the two four- 
momenta in the rest frame as functions of the relative velocity with the preferred 

12 Hcre with identical particles we mean particles with the same A's and the same mass. 
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frame: 

,(0 



i r) )i 



(Pt 

fe (r) )2 
(Pi r) )2 



— V A 2 n 



A 2 ,o [l + ^ E:=i A 2 ,„[7« 2 7> - «) 2 A 2 ,o] n 



(39) 



%,o E^i A 2 ,nn[ 7w 2 7> - tO'Aa.o]- 1 ^! - uv){v - u). 
where we used the relativistic sum of the velocities 



-v — u 



v — u 



1 + uv 1 — uv 

The approximate (pt)r is then given by 

(pOt = iv\[( P l r) )i + (pj r) ) 2 ] + v[(p^h - (p { ; ] y. 



.. z n 

r^E A ^[^A 2 ,o]"E 

^ A 2,0 n= i fc=0 



2n 
2 A; 



u 2(n-k) v 2k 



n=l 



,fc=l 



2n - 1 

2fc- 1 



u 2(n-fe)^2 fe -l , uy 



n-l 

E 

fc=0 



2n - 1 

2A; 



2(n-k) 



■^EV[7 2 7 2 A 2 ,o] n X: 

K 2,0 n=1 



(2n)! 



2A 2n ^ ~"" L """ "" J ^ (2fc)!(2n-2fc)! 



u 



2(n-k) v 2k I ] _ _ 2m; 



k=0 



while the approximate linear momentum is 

Wt = 7,{[(pi r) )i + (pS )*] + "[(phi - fe (r) ) 2 ] 



7« 



2n-l 



E^,n[7 2 7 2 A 2 ,o] n ^ 



(2n) 



Ao.n ™ =1 



J (2fc- l)!(2n-2fc + 1)! 



u 2(»-*)+ V *-i f (2fcl) + (2rj 



If we know the final velocity and the A's of the new particle, then we can relate the 
old A's to the new ones. In general we can expect two possible results: the final 
particle Pt is at rest in O or is moving in O. In the case in which the new particle 
Pt is found to be at rest then, noting that the expected four-momentum of the final 
particle is (1551) 



(r)> 



T 



A-L 



{p. 



Ao o En=i AXi™[7> 2 AT ] n_1 7 2 ( 



(40) 



-u 
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—u being the relative velocity of the particle with respect to the preferred frame, 



we deduce that, although the mass 2yA 2 ,o7u is the same as predicted by special 
relativity, the other A's come out to be dependent on u as well on v. On the other 
hand, in the case in which the particle Pt has a non zero velocity in O, we deduce 
that such a velocity must be first order in the A's; this is so because in the zero order 
in the A's we expect a particle at rest. Then the velocity of Pt and its set of A's will 
depend on the velocities respect to O, the masses, and the A's of the two scattered 
particles and on the relative velocity of O respect to the preferred frame. 

Therefore, in both cases we deduce that physics is different in different "inertial" 
frame systems; that is, the same scattering in two different "inertial" frame systems 
produces two different kinds of particle because the set of A's depends on the relative 
velocity with the preferred frame system. 

3.5 Luminal and Superluminal Particles 

The equations of motion fl37j) and fl38j) describe, respectively, massive and massless 
subluminal particles, being subluminal in every "inertial" frame. The motion is 
determined once we know the four-momentum of the particle in its rest frame, 
which can be approximately evaluated, knowing all the A's. Also luminal (\u\ = 1) 
and superluminal particles (|w| > 1), respectively, are luminal and superluminal 
in every "inertial" frame, but for such particles there does not exist an "inertial" 
rest frame. Therefore, the simplest choice is to write the equations of motion for 
a generic "inertial" frame in terms of the particle four-momentum in the preferred 
frame. 

Then consider the case of a luminal particle in the preferred frame (all other 
cases can be obtained by appropriate Lorentz transformation). We cannot define 
the four-momentum in the rest frame for luminal particles, therefore we need to use 
the equation of motion ( 12TT) and the equivalent in the massless case. The condition 
u = | = 1, using the equations (I2TI) . translates into 





vl 



which, using the dispersion relation (I23l) . gives 



2 



Z 



x 



2(n-l) 



1)P! 



X 



2/i 



n=l 



n=l 
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The relation above allows us to find p x and then p t in the preferred rest frame. In 
the massless case it reduces to 



E ~ X ^ n 



n=l 



^A 2)n (2n-l)p: 



2(n-l) 
x 



n=l 



where we excluded the solution p x = corresponding to the case of no motion. 
Knowing p x and then p t in the preferred rest frame means that we can construct the 
kinematics in any other "inertial" frame system. Note that in this case we cannot 
use the Newton method as in the other cases because we cannot choose an opportune 
starting point not knowing any expected behavior of the four-momentum nor if the 
A's are small. Therefore in this case it is necessary to know the A's. 

For superluminal particles we can proceed as in the luminal case by considering 
the four-momentum only in the preferred rest frame because there does not exist 
any Minkowskian frame in which a superluminal particle is at rest. Then, using the 
equations of motion (ED), the first condition is 



Ev^ (n_1) 

n=l 



Pa 



( (P)\2 2 
[V ( >) p t 



where is the velocity of the superluminal particle in the preferred rest frame. The 
velocity in any other "inertial" frame system is obtained with the usual relativistic 
addition of velocities rule. Using the dispersion relation we have 



[1 



AW 



71=1 



%nnpT- X) 



EV(2n-l)p 



2/i 

x 



A 



2,0- 



n=l 



We can again find the four-momentum in the preferred rest frame, this time as a 
function of v^ p \ allowing us to know the kinematics in any "inertial" frame system. 
In this case also it is necessary to know the A's because we do not have any known 
behavior of such particles to use as starting point in the Newton method. 

We have seen that the deformed kinematics considered here allows in general the 
presence of superluminal particle and massive luminal particle, depending by the 
values of the the A's. Indeed from fl26|) we have that the velocity can be bounded 
or unbounded depending from the values of the A's. Moreover, if we have a particle 
with A's such that the velocity is unbounded, we can accelerate such a particle from 
rest to superluminal velocities with a constant force. Consider for example a particle 
with all the A's positive subject to a constant force F (such effect can be obtained 
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adding the term —Fx to the Hamiltonian changing the equation for p x in p x = F). 

Then 

p x = Ft = -v/A 2 ,o-t 
v Vt 

that, using the dispersion relation (1251) . gives 

z 

Pl\pl + A 2 ,o + A 2>n p^] + A 2 , F 2 t = 0. 

n=l 

Because all the A's are positive the related polynomial is positive and symmetric 
around p x = that corresponds to its minimum. For t > the polynomial develops 
two symmetric roots which move away from the origin. Therefore in this case p x 
is a monotonically increasing function of the time. As a result we have that (126]) 
diverges, therefore we can accelerate a particle with positive A's to any velocity with 
a constant force. 



3.6 Non-covariant vs Covariant Horava Theory 

In this section we want to point out the differences between the non-covariant form 
of the modified Hofava-Lifshitz action (jSJ) and its covariant generalization (Q. The 
main difference is that the action (jHJ) is written in terms of the fields hij, N , N l 
while its covariant generalization is in terms of g a p and n a ; this implies that, as 
described in section [TJ, the covariant action reduces to (JSD only if it is written in a 
frame in which the metric g a p can be decomposed in terms of h^, N , N l . 

In the case of the Minkowsky metric such frames are obtained by rotations and 
translations of the preferred frame system. Indeed, the metric (1331) . obtained by 
boosting the preferred frame, is not writable in terms of ADM components. There- 
fore, the action is a generalization of the non-covariant action (|S]) because it 
includes solutions which are absent in the non-covariant form. 

Let g a p and n a be a solution of the Kehagias-Sfetsos action (jSJ); then g a p and 
n a can be decomposed in terms of its ADM components and it is a solution also for 
covariant action ([9]). If we consider a generic change of coordinates x M (x a ), then 

, <9x M dx u 
9a/3 = dx'-dx'P 9 ^ 

is another solution for ([9]) but not for (jSJ). If the covariant action (Q is equivalent 
to the Kehagias-Sfetsos action (J8j), then, after the change of coordinates x M (x a ), the 
new form assumed by (jSj) can be rewritten in terms g' a * and will have the same form 
as P). 
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Our results are independent of the formulation chosen for the Kehagias-Sfetsos 
action ([5} because the solutions we considered are solutions of both theories. More- 
over the ray optical structure was constructed using these solutions as a background 
metric. In terms of the optical structure we have that the equation of motion 
H[g a p(x),n a (x)] = 0, under the coordinate transformation x M (x Q ), becomes 

H>{g a p(x'),n a (x')} = — H\g' a/3 (x'),n' a (x')} = 

remaining unchanged, the action ([9]) being covariant. On the other hand, if we 
rewrite the same Hamiltonian in terms of its ADM components, that is, H[h(x), N l (x), 
N(x)} = 0, the same change of coordinates will change the equation of motion as 

iT^^A^),^')] = 0. 

Such equation is equivalent to H'[g a p(x'), n a (x')] = 0, being just its expansion in 
terms of the ADM components of g a p but cannot be rewritten as 

H[h'(x),N' i (x),N'(x)} = 

because the transformed metric g' a/3 cannot be decomposed in ADM components. 

Therefore, independently from the equivalence of the covariant and the non- 
covariant form of the modified Hofava action, the optical structure is more conve- 
niently written in a covariant form because the derived equations of motion take a 
more compact form. The only difference is that, if the non-covariant and the covari- 
ant theory are not equivalent, then g' a ^ cannot be interpreted as a metric tensor in 
the IR limit of Hofava gravity, as it cannot be decomposed in ADM components. 



4 Spherical Symmetric Case 



As the original Hofava-Lifshitz theory, the Kehagias-Sfetsos action 
spherical solution [7j. The solution is based on the following ansatz 



/ L 

' N 2 





0/0 

o o 4. o 

ooo -«4h 



/OOO 

0/0 

4, 

V o o o 

^ r z sin 



possesses a 



(41) 



n 



-^,o,o,o) 
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and the functions N and /, for the case A = 1, are found to be 

N 2 = f = 1 + lot 2 - ^r(u 2 r 3 + AujM). 



(42) 



This solution in the IR limit (u — > oo) reproduces the Schwarzschild solution. 

In this case V a h a/3 ~ does not hold as an identity, its only nonzero component 
being 

Then we can consider the approximation valid only the region in which V a h al3 is 
small compared to the wavenumber 1/ A of the ray. For the solution (142]) we have 



1 df 

\/ a h ar = --L = 2iur-2ujr 

2 dr 



2M 



where we approximated to the first order in 1/r 3 in the last step. We can then say 
that the approximation V a h a ^ ~ is valid for r » \JlM\. 

The metric is a function only of the coordinates r and 9 and diagonal, therefore 



Pt = 

As in the relativistic case, we can define^ 3 ] 



0. 



Pt = -E 



L. 



Moreover 



and 



N 2 



(43) 



^2,0 



^2,0 



,i=i 



Pe 



2x X 



\2,0 



i+^v(ftV) n_1 



~^Pe 



-2cos# 
r 2 sin 3 9 



13 Given a vector field K a , the product K a x a is conserved along a path x a (r) if There is no 
notion of Killing vectors 

d 



dr 



(K a x a ) = x^Vp{K a x a ) = x x a VpK a + x l3 K a Vpx a = 0. 



Being x"Vpx a 0, we deduce that there is no notion of Killing vectors. 
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which have as solution 



6=* 
2 



0. 



Therefore, in what follows we will concentrate to the case of equatorial motion. 
Moreover, 



Pr 



2a/A 



^2,0 



1 



2a/A 



^2,0 



n=l 



^2,0 
1 



n=l 



drh^v^Vu (44) 



(45) 



2.0 



1 + Y,\ n n{hr Pll p v ) n - x 



n=l 



L 



From the dispersion relation, on the other hand, we have 

L 



= -^ + A 2i0 + 



1 + J2hn(f(r)p, 



n=l 



f(r)p 2 r + 



To find an approximate result we use again Newton's method. Setting 

L 2 

x = f{r)p 2 r + 



(46) 



we choose as starting point 



which corresponds to the zero order in the A's. Then we have 



n=l 



dy 



\N 2 """J dx 



l + ^A 2 , n n( — -A 2i0 



n=l 



71-1 



Therefore, 



Pr ^ 



J_ J —-~\ — 
fJr))W~ 2 '° ~ T 2 



I E 2 ~ L 2 

A2,0 



Yfn=l ^2,n ( Jf2 - A 2 , 



1 + En=l ~ X 2,nn 



E2 X 



n-1 



f(r) N 2 AU r 5 



n=l ^ 
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N 2 
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which yields 



Pr 



E 2 
N 2 



— — — A 



L 2 



2,0 



s A 



2.0 



n=l 



ML 

N 2 



— A 



2,0 



L 2 



(47) 



Using the expressions (Hoi) . ( Hoi) and 



we have the approximate orbit equation 

r 2 f(r)p r 
L 2 ' 



Orbits as well as other classical gravitational tests were studied in the context of the 
Kehagias-Sfetsos modification of the Hofava-Lifshitz gravity [34" l 135 | 137] showing the 
presence of corrections with respect to the results of General Relativity. In these 
articles the kinematic is assumed to be described by the Hamiltonian 

1 



H 



2a/A 



v 2,0 



while we verify this assumption. Our results, being obtained as the optical limit of a 
scalar field theory, show that the kinematic is indeed described by that Hamiltonian 
in the zero order in the A's but they receive A dependent corrections. 

In the more general framework allowed by the Hofava-Lifshitz gravity, that is, 
for non-zero A's we can consider two simple cases which can be used to verify the 
existence of such parameters: circular and radial orbits. 

To have a circular orbit we must have r = and therefore, from (1451) . p r = 0. 



Using the equation 
= d r 



we have the condition 



E 2 \ 

which is satisfied if 



^ A 2 , n n 
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5^A 2 ,n 



71=1 



L 2 . 



£2 
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n=l 



2.n 



K 



where K is a constant. From the dispersion relation we simply deduce K = \ 2t o- 
From the previous expression then we obtain the energy associated with a circular 
motion 

F 2 

A, 



£2 
N 2 



v 2,0 



n=l ^ 
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From the expression (145!) and the approximate relation for p 2 we obtain: 



. 9 



E" 1 



1} 



Jtf2 - ^2,0 - ^ 



X^A 2 , n (j^ - A 2 , 



n=l 



n-1 



^ - 2n) ( ^ - A 2 , 



L 2 1 
2n— 



We can interpret the right hand side of this equation as a potential V(r). From the 



condition ^ = for circular orbits we have 
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So it is evident that deviations for the radius of a circular orbits from the zero-order 
solution jjj$N' = will increase for increasing angular momentum. 

Another simple consequence of this deformed kinematics is that two particles 
with the same mass and different A's will fall radially toward the center with two 
different velocities. 

From the equation (146]) it is simple to see that a radial solution corresponds to 
the case L = 0. In this case we have the equations of motion become 
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and the dispersion relation reduces to 
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Using the approximate relation ( 1471) for p r we have 
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from which we have 
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Using the equation (1431) describing the coordinate time, we have 
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In general the solution is not expected to be very different from the zero-order 
case although there are two simple possible measures, the radius of circular orbits 
and the falling time of a radial orbit, which can show differences. The metric (14 ip 
reduces to the Schwarzschild metric if the mass of the spherical body at the center 
can be considered small with respect to the distance at which we consider the metric; 
therefore we can expect to measure variations due to the deformed kinematics only 
in this approximation where there are negligible deformations in the kinematics due 
to the Horava spherically symmetric solution. 



5 Conclusions 

The action ({TO]) is a deformation of the Klein-Gordon action in the sense that it 
introduces new interacting terms small in the IR behavior. Such a deformation has 
nothing to do with the deformation of the Hilbert-Einstein theory used to construct 
the Hofava-Lifshitz gravity, but it is allowed by the breaking of the Lorentz sym- 
metry of space-time. This means that a scalar may still be described by the usual 
Klien-Gordon action without any consequence for the whole theory. 

The full Hofava-Lifshitz gravity is invariant under local rotations and translations 
but this symmetry is not enough to construct the kinematics without having any 
prescription in the addition of the velocities; this is so because there is no mixing 
between space and time. Then we studied the modification in the kinematics under 
the action of the Poincare group, mainly for two reasons: the first is that Special 
Relativity and General Relativity are well verified theories and are based on the 
Lorentz group; the second reason is related to the first but it is more practical: we 
used low-energy light, which appears to have the same property that light has in 
Special Relativity, as test particles to define operationally "inertial" frame systems. 

We used the action (ITU]) to analyze the deformed kinematics of a particle, the 
particle being considered as the optical limit of a scalar field. The deformed equation 
of motion can be experimentally verified; the results of such experiments may suggest 
the existence of new parameters describing a particle, the X's, or may give, at least, 
an upper limit for them. 
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In the general case we observed that free falling point-particles do not follow 
geodesies, their trajectories being a small deformation of the geodesic equation. It 
is also important to observe that such a deformation depends on the values of the 
A's and even on the mass of the particle. This allows us to verify if a deformed or 
the usual kinematics is fulfilled even if we use two probes of the same kind but with 
different masses. In particular we evaluated first order corrections to the orbits in a 
Schwarzschild metric. 

In the Minkowskian case the equations of motion of a free particle still give a 
straight trajectory, thus it is in studying the dynamics that it is possible to highlight 
the differences with the usual relativistic dynamics. 

We observed that in this modified kinematics there may exist subluminal mass- 
less particles, luminal massive particles and superluminal particles; moreover it is 
possible to accelerate a subluminal particle through the action of a constant force 
to make the particle to reach superluminal velocities in a finite time, if the particle 
satisfies appropriate conditions for the A's. It is also evident that the A's of a parti- 
cle are strictly dependent on the "inertial" frame system in which the particle is at 
rest. Indeed, the result of a scattering will in general depend on the relative velocity 
between the "inertial" frame system in which the resulting particle is at rest and 
the preferred frame system. 

All the observations we already have about the motion of particles in Special 
Relativity and in General Relativity suggest that the A's are very small parameters 
or simply that no known matter has nonzero A's. 

Note added: After completing this manuscript, papers [101 HI] appeared in the 
archives where the kinematics of a matter scalar field in the Horava-Lifshitz gravity 
is also studied. 

A Variation of the Matter Action Respect to 0* 

In the action (fTUj) the deviation from the Klein-Gordon action is described by the 
term 
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where we set A 2j i ) o 
to 0* we have that 
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= V M [A n - k </>h ta, V v A k - 1 </>*] - [A n ~ k <f)h^] V v A l 
= [A n_fc 0/i' i, 'V„A fc -V*]-V„ [V„ (A n ~ fc <M^) A fe -V*]+V„V^ [A n " fc 0^] A fc_1 < 

Defining the operator A such that its action is given by A0 = V a V/3(/i a/3 0) and 
considering that all the total covariant derivatives are boundary terms in the action, 
we conclude that 

Therefore, varying with respect to <ft* we have 
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Using the condition (112I) . which translates in Ai/j ~ A^, we conclude that 
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where we defined A 2 ,„ = Z]fc=o ^2,», 
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